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1. Introduction
Teacher: Liliana Negrila
Project coordinator, „Moise Nicoara” National College, Arad, Romania

The metaphorical title of the project is: Ins and outs of the magic Möbius strip. Our project involves
four schools: "Moise Nicoara" National College, Arad, RO; Devonport High School for Girls,
Plymouth, UK; Justus-von-Liebig-Gymnasium, Neusäß, DE and "XV. Gimnazija "Zagreb, HR. All
of them are well known in their county and they offer an exceptional training for their students. The
student who leaves the desks of these prestigious schools should be able to harmoniously integrate
into its being both the realistic and the humanistic dimensions, which should complement each
other. The student should have a high-quality training and a human structure to be able to adhere to
the true values of life. He or she should be prepared to pursue traditional occupations as well as,
most importantly, modern jobs. He/she should be ready for a different labour market in Europe.
Today Maths is considered very hard, sometimes unapproachable by most students. Mathematics is
looked upon as being abstract, without purpose and even useless. In this project we aim to
demonstrate to all interested students the opposite. We want to show that mathematics has a unique,
unexpected beauty, it can be adapted and it has an immense practical applicability. By using
mathematical reasoning, students will be able to solve many problems that occur in daily life and to
learn and make progress in an enjoyable way. Consequently, they will be able to adapt easily to a
rapidly changing world characterized by a high level of interconnection.
How will we do this? With Möbius strip. We will construct it and we will notice that it has only one
face and one edge. A two-dimensional body in a three-dimensional space! We investigate the
unpredictable effects of cutting it and we will find the conclusion: Möbius strip is magical!
Möbius strip is everywhere. It is a circle that seems to close in on itself continuously. It can be
considered a symbol for one's return to one's self, for transformation, miracle, twists of fate and
recovery. It is an image of immortality.
With Möbius strip as a starting point, we’ll study the connections between the mathematical
sciences and other subjects. We can admire it in art (engravings, sculptures), in architecture, in
computer games, in lego, in puzzles and in labyrinths. Think of the high-speed roller coasters! The
same strip can be encountered in physics, chemistry, biology, literature, mythology, music and
religion.
In this book, the students have the liberty to express their creativity. They made their own products
and now they are presenting them. Many questions will find their answers. The new findings will be
discussed with all their interested peers and in this way this project will reach its European
dimension.
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2. The Importance of this Project
Teacher: Mircea Potocean
Principal of „Moise Nicoara” National College, Arad, Romania

It is an honor and pride for „Moise Nicoara” National College from Arad to be the Coordinator of
the multilateral european project Comenius Ins and outs of the magic Möbius strip. The
publication of this book is the result of commendable initiatives developed by our teachers,
concerned with frameworks for transdisciplinary approach to learning and application of the results
obtained within the framework of educational-training process.
The Romanian, Croat, German and English students from the four schools participating in the
Comenius project gathered in this volume much of their work for nearly a year. Although effort is
common to assert their individual desire is great, especially being encouraged by the ease of
observing reality and the environment. Möbius's strip helped the students involved in the project to
understand and familiarize themselves with the ideas, principles and concepts from many scientific
disciplines, to try to establish a link between them, to identify new solutions to resolve issues and,
especially, to work in teams.
Mathematics was the point, mark the start. From here, you rediscovered that the problems of
physics, chemistry, biology and engineering are modeled using a mathematical language. The
project highlights the fact that to achieve outstanding results, experts of tomorrow must work in
mixed teams research.
We want this project to be a good opportunity to show both students and parents that a job in
science can be an attractive option to achieve professional and excellence of our youth.
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3. Applications of the Möbius Strip
3.1 Applications of the Möbius Strip in Maths
3.1.1 Möbius Band
Teacher: Ovidiu Bodrogean
Teacher: Diana Bodrogean
Möbius band is a bidimensional mathematical object, a surface with only one face. This fact is very
difficult to imagine because the most common example of a surface is a sheet of paper which
everybody knows that have a face and a reverse. This is a topological “paradox”. This is a sheet of
paper, a real object which has only one face, though.

Möbius band is a surface called like this in honor of the German mathematician August Ferdinand
Möbius (1790-1868), a pioneer of topology and a researcher of the theoretical astronomy, which has
discovered this surface in 1858. In fact, the Möbius band is the starting point for the creation of new
nonorientable surfaces, that surfaces were the notion of right and left do not have sense. So, if a
surface is nonorientable then it must contain a Möbius band, and reciprocal, if a surface contains a
Möbius band then that surface is nonorientable.
The construction:
To obtain a Möbius band we take a sheet of A4 paper. We cut a rectangle of form 11 x 1 and we
glue the long parts together twisting with 180o, such that "1" will go to "3", and "2" will go to "4".

To show that the band has only one surface we take a pencil and starting from any point of the
median line, drawing the median line without taking the pencil off from the paper we will arrive at
the starting point without crossing the border. If you cut now the band along median line, we will
6

get only one band, not two bands like everybody expects. This band will have a double length in
comparison with the initial band, and with a complete rotation of 3600. The new surface is
topological equivalent with a cylinder (but however it cannot be deformed into a cylinder because it
was embedded differently from a cylinder in the Euclidian space) so it isn’t a Möbius band. This
happened because Möbius band has only a border and when we cut the band with the scissors we
create a new border. Moreover, if we cut the new band through the median line we will obtain not a
band but two bands interconnected, both complete twisted.

If we draw a parallel line to the edge, without taking off the pencil from the paper at the one third of
the paper width, finally we will get that we arrive at the same point we started to draw but the band
will be divided into three sectors.

If we cut the band after this line, which appears to be like three lines but there is only one line, we
obtain two bands interconnected. The first band will have a third part from the width and the same
length of the initial band and the second band will have also a third part from the width of the initial
band but the double of the length of the initial band.

We can try also some other experiments. We can search, for example:
- What would happen if we cut again through the median line the band which was obtained
from the initial Möbius band which we have cut through the median line?
- What would happen if we cut through the median line a strip three times twisted?
- What would happen if we cut through the line situated at a third part from the width a strip
three times twisted?
- How many faces and borders would have the objects that we obtained in each case?
- Can we find some mathematical pattern to express what happened with such an object when
we cut it in some particular ways?
Some mathematics:
A Möbius band with the length equal with 2w which median circle has radius equal with R and
which is center in the origin of the coordinate system and is situated in the plane (xOy) has the
fallowing parametric representation.
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Topologically, the Möbius strip can be defined as the square [ 0,1] × [ 0,1] where we identify the top
and bottom by the relation ( x, 0 ) ↔ (1 − x,1) for all 0 ≤ x ≤ 1. This can be shown in the following
diagram:

We must remark that a band which was twisted similarly to a Möbius band in odd times will have
only a surface and a single edge, while a band which was twisted similarly to a Möbius band in
even times will have two surfaces and two edges. Also, if an odd times twisted band is cut through
the median line we get only one band, longer that the initial band and if we cut an even times
twisted band through the median line we get two interconnected bands each of them has the same
number of twisting like the initial one.
Applications:
Applications in industries:
In 1957 the Goodrich Company constructs giant Möbius strips and used them in industries like
conveyor belts. These belts have the advantage that that they last longer than an conventional belt
because the entire surface area of the belt get the same amount of wear and these can resist longer
than a normal belt. In ours times this types of belts are not any longer used because now we have
other materials which are more resistant in time at any weather condition.
Other applications are the audio recording tapes with twisted band. As a continuous loop recordings
tapes these have a double playing time. Möbius strips are also common in the manufacturing of
fabric computer printers with typewriter ribbons.
A device called Möbius resistor is an electronic circuits element that has the property of canceling
its own inductive reactance. Nikola Tesla patented some similar technology. “Coil for Electro
Magnets” was indented for use with his system of global transmission of electricity without wires.
There are also a lot of children’s games using Möbius strip. There’s even a train which crosses a
tridimensional band using magnets for some portions where the train appears “upside-down “
Applications in art:
The physician and artist Robert Rathburn Wilson (1914-2000) created some sculptures connected
with Möbius strip. A tridimensional version of a Möbius strip is situated in front of the Fermi
National Accelerator Laboratory in Batavia, Illinois.
In the music theory, the space of all two note chords, known as dyads, take the shape of a Möbius
strip. This is a significant application of orbit folds to music theory.
Applications to psychoanalysis:
Although this object is a pure mathematical object the French psychoanalyst Jacques Lacan
succeeded to create a connection between psychoanalysis and surfaces of Möbius type. He suggests
that it isn’t a clear separation of the human body between his interior and exterior.
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Applications in literature and cinema:
A first movie connected to this subject was „A Subway Named Möbius” (1950) where A.J. Deutsch
imagine a railroad so complex so the train disappears in another dimension. The connection
between the movies and the mathematical content is very frail but however it remains an interesting
movie.
In Magazine Fantasy and Science Fiction, Paul Doherty and Pat Murphy (1998) wrote a paper
called Twisted Thinking where they present this subject from a less mathematical point of view,
but however interesting.
One of the most interesting science fiction stories connected to Möbius strip was „The Wall of
Darkness” (1946) of Arthur C. Clarke’s. In this paper he uses some mathematical properties of
Möbius strip.
Other applications:
There exist some „chess” that is playing on a Möbius band. The table in continuous and unlimited
on length but it has only four squares on width.
Also exist an electronically rock band from Massachusetts, named “Möbius band”, whose fist
album it was titled „The Loving Sounds of Static”.
The Möbius band becomes the universal symbol of the recycling.
Bibliography:

1. http://mathworld.wolfram.com/MoebiusStrip.html;
2. http://en.wikipedia.org/wiki/M%C3%B6bius_strip;
3. The shape of a Möbius strip, E.L. Starostin and G.H.M. Van Der Heijden preprint.
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3.1.2 The Cuttings of the Möbius Strip (film)
Student: Andra Jivan
Student: Ioana Stan
„Moise Nicoara” National College, Arad, Romania
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3.1.3 Graph Theory and the Möbius Strip
Student: Laura Lukin
Teacher: Sanja Antolis
Teacher: Eva Spalj
XV. gimnazija, Zagreb, Croatia
1. Connect animal pairs without crossing lines and without drawing a line through the animals or
the boundaries. This is a graph. It consists of vertices and edges.

2. Draw some graphs, consider the following:
• the edges don't cross (planar graph)
• there is a path from any point to any other point in the graph (connected graph)
• there is only one edge between two vertices and no loops - vertex connected to itself (simple
graph)
•
Fill the table for each of your examples:
Number of vertices V

Number of edges E

Number of regions R*

Find the relation connecting V, E, R and write down the formula.
*regions bounded by egdes, including the outer, infinitely-large region
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Formula?

3. Now draw some planar graphs that are complete (every pair of vertices is connected by a unique
edge). Start with two vertices, three vertices, ...
How far did you get?
4. Now draw complete planar graphs on a Möbius strip. (made of transparent paper)
with two vertices, three vertices, … Conclusion?
HOW TO DO IT?
What do you think Graph theory is? Why should it be connected with Möbius strip? We tried to
figure it out. So graph theory concerns the relationship among lines and points. A graph consists of
some points and some lines between them.
Our first task was to connect animal pairs without crossing lines and without drawing line through
the animals or the boundaries.

Then we investigated some planar, connected, simple graphs; we turned the attention to number of
edges, vertices and regions and finally found the relation:
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The next task was to draw some planar complete graphs. We connected random 2, 3, 4 points, but
the problem appeared when we tried to connect 5 points.

7 *3
2
(We must divide it by 2 because each edge is the boundary between two regions, so we count it
twice) which means that the number of edges should be greater than 10.5, at least 11 which is
impossible (according to the formula).

Each region is bounded by at least 3 edges, so the number of edges must be at least

Thereby we have proved that is impossible to connect 5 points (vertices) on a paper, so we tried to
do it on a Möbius strip. Guess what, we made it with 5 and 6 points but not with 7.

Bibliography:
1. Clifford A. Pickover : The Mobius Strip: Dr. August Mobius's Marvelous Band in
Mathematics, Games, Literature, Art, Technology, and Cosmology , Thunder's Mouth Press,
New York, 2006
2. http://mis.element.hr/fajli/361/22-08.pdf
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3.1.4 From Möbius Strip to Klein Bottle
Student: Alina Negrila
Teacher: Liliana Negrila
„Moise Nicoara” National College, Arad, Romania

Topology studies structures as a higher level of abstraction.
Topology is a branch of geometry that deals with the properties of surfaces and general shapes but
is unconcerned with the measurement of lengths or angles. High on the agenda are qualities which
do not change when shapes are transformed into other shapes. We are allowed to push and pull the
shape in any direction and for this reason topology is sometimes described as “rubber-sheet
geometry”. The topologists study the properties of shapes that don’t change when an object is
stretched or distorted.
It says that topologists are people who cannot tell the difference between a donut and a coffee cup!
A donut is a surface with a single hole in it. A coffee cup is the same, where the hole takes the form
of the handle. Here’s the way in which a donut can be transformed into a coffee cup.

The best way for people of all ages to fall in love with topology is through the contemplation of the
Möbius strip – a simple loop with a half twist!

The Möbius strip has fascinated both mathematicians and laypeople ever since Möbius discovered it
in the nineteenth century and presented it as an object of mathematical interest. As the years passed,
the popularity and applications of the strip grew, and today it is an integral part of mathematics,
magic, science, art, engineering, literature and music. It has become a methaphor for change,
strangeness, looping and rejuvenation. Today Möbius strip is the ubiquitous symbol for recycling,
where it represents the process of transforming waste materials into useful resources.
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In Maths we meet a kind of “loop” in solving the following limit:
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We can put this limit to a Möbius strip and look at the result:

In fact, it has an easy and quick solving:
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The one-sided Möbius strip has many interesting close cousins in the world of topology. For
example, a Klein bottle, first described in 1882 by German mathematician Felix Klein, is an object
that has a flexible neck that wraps back into itself to form a shape with no inside or outside. Its
inside is its outside. It contains itself.

A two-dimensional representation of the Klein bottle immersed in three-dimensional space.
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Orientability and one-sidedness
When studying the Möbius strip or the Klein bottle, orientability and one-sidedness are important.
A surface is one-sided if, standing upright, you can walk along the surface and reach both sides of
each point of the surface. Most surfaces in nature are two-sided. For example, the round sphere is
two-sided, which ensures that we always walk on top of the earth and never below. Similary, a
wheel-shaped torus, a pretzel and, more generally, all surfaces that enclose a solid volume, are twosided.

In nature we do not usually see one-sided surfaces. Remember
that the first one-sided surface found by Möbius was an abstract
mathematical construction. By drawing perpendicular arrows
(normal vectors) along the Möbius strip in this illustration of the
Klein bottle we emphasize its one-sidedness: by continuous
movement we can transport the arrows to both surface sides of a
point, meaning that we cannot distinguish between its front and
back. Unfortunately, the very concept of one-sidedness depends
on the ambient (surrounding) space - for example, closed curves
(loops) in 3-dimensional space do not have sides, although in 2dimensional space they do.

View the animated version (997K) or explore the java applet
A surface is said to be orientable if a shape drawn on it cannot be transformed into its mirror image
by simply moving the shape along a path on the surface. Consider the right-way-up face in the
illustration. If you move this face around the Möbius strip, it returns as its mirror image (and
upside-down). This means that the Möbius strip is non-orientable.

In contrast to one-sidedness, orientability is an intrinsec property and does not require that a surface
is embedded in an ambient space. Since topologists have worked out ways to think about shapes
without an ambient space, the notion of orientability is in general much more applicable than that of
one-sidedness. Nevertheless, for surfaces in our 3-dimensional world one-sidedness is a very natural
concept.
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The Oxford English Dictionary says nonorientable means: "a figure in the surface can be
continuously transformed into its mirror image by taking it round a closed path in the surface".
The Klein bottle can be formed from two Moebius strips twisted in opposite directions and joined at
their edge.

Lego Klein bottle
Andrew Lipson

A mathematician named Klein
Thought the Mobius strip was divine
He said "If you glue
The edges of two
You can make a strange bottle like mine".
Image by Stewart Dickson

Make your own…Klein bottles
The standard (Euclidian) Klein bottle can be assembled from four elementary building blocks as
shown in the pictures. Three of the blocks are parts of surfaces of rotation and the vertical blue tube
is a slightly deformed cylinder.

Take a rectangle and join one pair of opposite sides. You’ll now
have a cylinder. Now join the other pair of sides with a halftwist. That last step isn’t possible in our universe, sad to say. A
true Klein bottle requires 4-dimensions because the surface has
to pass through itself without a hole. It’s closed and nonorientable, so a symbol on its surface can be slid around on it
and reappear backwards at the same place. You can’t do this
trick on a sphere or doughnut. They are orientable.
18

This is one of a series of glass Klein bottles made by Alan Bennett in
Bedford, United Kingdom for the Science Museum, London. It consists of
three Klein bottles, one inside another. A Klein bottle is a surface which has
no edges, no outside or inside and cannot properly be constructed in three
dimensions. In the series Alan Bennett made Klein bottles analogous to
Mobius strips with odd numbers of twists greater than one.

These folowing pictures represent attemps to make Klein bottles by herself:

Alina Negrila tried to make Klein bottles from paper and
then from plasticine

Ioana Stan tried to make a Klein bottle from wire

Laura Gligor tried to make a Klein bottle from plasticine
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Six colors suffice to color any map on the surface of a Klein bottle; this is the only exception to the
Heawood conjecture, a generalization of the four color theorem, which would require seven.
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The physical models of the Klein bottle and its two halves:

Images by: Konrad Polthier, Technische Universität Berlin
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A Klein bottle has a zero volume
It’s been mathematically proven that any bounded surface in 3-space must divide our universe into
two parts: the "inside", which is bounded, and the "outside", which is unbounded. A true Klein
Bottle is a bounded surface without a boundary. Because it lacks a boundary, it doesn't divide the
universe into an inside & outside, and so, the true Klein bottle cannot exist in 3-space.
A true Klein Bottle has zero volume. It is a 2-dimensional manifold (which pretty much means a 2dimensional surface). Every small piece of the Klein Bottle is 2-dimensional- that is, if you shatter a
4-dimensional Klein Bottle, you will get 2-dimensional pieces. However, to assemble these pieces,
you need a 4-dimensional space. Since the true Klein Bottle has no edge and only one side, it does
4
not enclose a volume. Math folk say that it is a 2-dimensional manifold which exists in R .
To a topologist, an uncorked wine bottle also has no volume, since it can be stretched into a 2dimensional disk (two sides, one edge). A sphere is a closed surface which „does” enclose a
volume. A Klein Bottle, although it is a closed surface with no edge, does not enclose any volume.
Clif Stoll, by ACME Klein bottle said: „Ignoring the thickness of the walls, my Klein Bottles have
zero volume because they have no boundary. And yes, you can pour water into (and out of) my
Klein Bottles, but they are still topologically zero volume.”

As I said, non-metric topological manifolds may be considered ideal elastic objects, able to be bent,
stretched, twisted, or deformed as long as nearby points in one space correspond to nearby points in
the transformed version. However, Acme's Borosilicate Klein Bottles are physical instantiations of
such mathematical concepts.
The Kingbridge Klein Bottle is the world’s largest glass Klein bottle.
The Kingbridge Klein Bottle is 1.1 meter tall, 50 cm diameter, and is made of
15 Kg of clear Pyrex glass.
One sided, boundless and, mathematically, nonorientable. It tickles topologists
and amazes visitors.

Cliff Stoll - Acme Klein Bottles
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Klein Bottle cannot be embedded in 3 dimensions, but you can immerse it in 3-D. An immersion
may have self-intersections. Embeddings have no self-intersections.
Cliff Stoll said that he represents a Klein Bottle in glass by stretching the neck of a bottle through
its side and joining its end to a hole in the base. Except at the side-connection (the nexus), this
properly shows the shape of a 4-D Klein Bottle. And except at the nexus, any small patch follows
the laws of 2-dimensional Euclidean geometry.
A Klein Bottle does not have an edge. It's boundary-free and an ant can walk along the entire
surface without ever crossing an edge. And so, a Klein Bottle is one-sided.
A Klein Bottle has one hole. This, in turn, causes it to have one handle. The genus number of an
object is the number of holes.Other genus-1 objects include inner tubes, pretzels, wedding rings,
and teacups. A wine bottle has no holes and so is genus 0.

Klein bottle – wine bottle
Guaranteed to frustrate even the most dedicated wine
connoisseur: it's difficult to fill, difficult to pour, and difficult to
clean.
It's best considered a Klein Bottle and less of a Wine Bottle.

The Double and Triple Klein Bottles have zero volume, nonorientable, 3-dimensionally immersed,
and free from any topological boundary conditions.

One of these is homeomorphic to a Klein Bottle. The other is homeomorphic to a Torus. You
decide.
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Drinking Mug Klein Bottles - for the Thirsty Topologist
Acme Klein bottle sells Klein bottle coffee mugs
with hollow handles. With it, we can fill the
inside with coffee and the outside with tea. The
handle connects the inner and outer chambers,
providing a topological hole. The outer chamber
(which topologists will recognize as equivalent to
the inner chamber) insulates the inner chamber
(which topologists claim to be the same as the
outer chamber). The handle gives us a way to
conveniently grasp the mug, too.

This diagram shows a cross section through the Acme
Klein Bottle Drinking Mug. With a single hole, it's a
true genus -1 manifold and topologically identical to
other Klein Bottles.

In this photo, the inner chamber is half-filled with green
water. The outer chamber is about 3/4ths filled with
yellow water. The column of yellow water in the handle
shows that the barometric pressure is high. This Klein
Bottle also works as a barometer. Refraction of light
makes it look like the green water is in the outer
chamber. Naturally, The Klein Stein has all the features
of Acme's other quality Klein Bottles–zero volume,
nonorientable, 3-dimensionally immersed, and free from
any topological boundary conditions. It's made from
genuine heat-resistant Borosilicate glass, annealed,
stress-relieved, and cooled well below its triple-point.

Here's a Klein Stein with the slightly wider diameter handle.
That's Rose Wine in the outer chamber, and water in the inner
chamber.
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Spiral top Klein bottle
- on single sided
- single stranded
- zero volume
- four dimensional helictical manifold research

Side loop with floral reservoir

The Möbius Scarf works symbiotically with the matching Klein Bottle Hat to keep you toasty
warm. Each is one - sided, but together, they protect both our outside and our inside from the chilly
winds of winter.

Hat diagram
25

How to Knit a Klein Bottle
Begin by knitting a Möbius band, but knit about 20 rows and don't cast off as you're told near the
end of the instructions.
Transfer half of your stitches to a second circular needle. What you're basically going to do is
Kitchener (graft) the stitches on one needle to those on the other. If you look at a few-stitch-wide
strip of your band, you can see how the loops at the top of two adjacent stitch-columns can be
Kitchenered to the bottom of the loops at the bottom (and 1/2 stitch to the right or left) of these
columns. If you just match those up and start, you'll be fine.
Now: this is tricky, for two reasons. (1) You have to do your Kitchener in a knit-purl sort of way, so
that you get a consistent pattern instead of an obvious seam. Sorry, I can't explain how to do that. I
re-figure it out every time I do it. (2) There are those dang needles in the way. I usually pull the
needles so that all the stitches are in the middle, skinny parts of the needles, then start Kitchenering, and then every 10-15 stitches, pull the needles out of the object a bit.
You'll Kitchener until you seem to have just a hole around another part of the Klein bottle left. Now
you can cast off. As with a Möbius band, there are three tasks that remain: knit in the end of the
yarn, get rid of the scrap yarn (if you used any), and knit in the beginning of the yarn. If I use scrap
yarn, I usually have to cut it every 3 - 4 stitches or so. And, when knitting in the beginning of the
yarn, look carefully at your stitches so that you don't create a hole or piece of seam.

This one is 3D printed in durable, washable stainless steel. It's sized to fit
the hand sweetly. It's the perfect finishing touch for any math fan's
kitchen, and you don't have to know geometry to enjoy it.
Yes, it really opens bottles!

Unlike a beer bottle, a Klein bottle has no "rim" where the
surface stops abruptly; a fly can go from the outside to the
inside without passing through the surface.
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Carefully crafted of modern polymers, Acme's plastic Klein Bottle
is small: The thin (0.7mm) walls have been gently perforated with
over a thousand holes.
Designed by Nancy Shaw - an artist from Berkeley's Math Science
Research Institute, who has created numerous mathematical shapes
and even a slide - rule. This Klein Bottle is built for maximum
structural strength - it won't break if dropped from a 2 meter height.
And it's so lightweight that a committee of prominent scientists may
(or may not) have recommended that it should be included as
STANDARD EQUIPMENT for future astronauts. Immersed (not
embedded) in 3-dimensions, this Klein Bottle is machine made from
a select assortment of carbon, oxygen and nitrogen atoms, all
precisely linked together to form a real organic polymer.

Mathematics has a special beauty which is hard
penetrated. Mathematics can be used to help explain
the colors of the sunset or the arhitecture of our
brains. Mathematics helps us to build supersonic
aircraft and roller coasters, simulate the flow of
Earth’s natural resources, explore subatomic
quantum realities and image faraway galaxies.
Mathematics has changed the way we look at the
cosmos. Mathematics is everywhere!

Bibliography:
1. Pickover Clifford, The Möbius strip, Thunder’s Mouth Press, New York, 2006;
2. Crilly Tony, 50 mathematical ideas you really need to know, Quercus Publishing Plc,
London, 2007;
3. Elwes Richard, Maths 1001, Quercus Publishing Plc, London, 2010;
4. http://www.kleinbottle.com/ , April 14, 2012, 12:00;
5. http://en.wikipedia.org/wiki/Klein_bottle , April 14, 2012, 12:00;
6. http://mathworld.wolfram.com/topics/TopologicalStructures.html , April 14, 2012, 12:00;
7. http://en.wikipedia.org/wiki/Möbius_strip , April 14, 2012, 12:00.
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3.2 Applications of the Möbius Strip in Physics
3.2.1 Soap Film (film)
Student: Oriana Arsenov
Student: Roan Arsenov
Teacher: Simona Arsenov
Teacher: Branco Arsenov
„Moise Nicoara” National College, Arad, Romania
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3.2.2 Möbius in Physics (film)
Student: Dalibor Zgela
Student: Vedrana Vlahovic
Teacher: Zrinka Mavracic
Teacher: Eva Spalj
XV. gimnazija, Zagreb, Croatia
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3.3 Applications of the Möbius Strip in Chemistry
3.3.1 Cool Chemical Reactions Inspired by Möbius Strip (film)
Student: Mihai Atimut
Student: Sara Bic
Student: Oana Catrinescu
Student: Andra Jivan
Student: Alina Negrila
Student: Robert Gal
Student: Andreea Sabadus
Teacher: Cristina Crisan
Student: Patrik Stepan
„Moise Nicoara” National College, Arad, Romania
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3.4 Applications of the Möbius Strip in Biology
3.4.1 Situs Inversus (film)
Student: Bogdan Popa
„Moise Nicoara” National College, Arad, Romania
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3.4.2 The Möbius Strip - Applications in Nature (film)
Student: David Bacos
„Moise Nicoara” National College, Arad, Romania
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3.5 Applications of the Möbius Strip in Literature
3.5.1 Möbius as Metaphor
Teacher: Clare Salkeld
Devonport High School for Girls, Plymouth, UK

Mathematics is a universal languageOdd nodes, linking with each other; all
Beginning & ending at fixed points.
It is not about distances, but about connections
Uniting nationalities & generations
Simply working together on complex problems.

Symbols & demonstrations of
Topology take us on our journeys here & there,
Reminding us that this language which unites us
Inspires us to share ideas,ideals & leads us to
Patterns of Platonic solid friendships, visible on the only surface, non-orientable
and in the heavenly sphere of positve numbers.
EULERS WELL!
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3.5.2 Magic Möbius Strip in Theater Activities
Teacher: Camelia Circa - Chirila
„Moise Nicoara” National College, Arad, Romania
activities presented in the course
Interacting in Madrid, in a Comenius grant, 2011
The theater show fascinates us by the tridimensional representation of the world, in images
synchronized, repeated for their comic effect or transformed before our eyes by the stage game that
convinces with an energy transfer required between actors and audience. But when we ourselves are
part of this representation, acting, building exercises which involve acquisition, synchronization,
transformation etc. of some stage movements or gestures, we can feel the nodes of the Moebius
band on stage.
We propose to introduce some exercises with different purposes, but all exercises are built on the
principle of this magic band.
Also, we can observe the interdisciplinary and the transdisciplinary aspects of these exercises,
which can be used in teaching any discipline successfully: literature, grammar, communication, fine
arts etc.
1. What are you doing?
Players stand in a circle with enough
room to move their elbows. Player 1
steps forward and begins miming an
activity, any activity, such as shearing
a sheep. Player 2, to the right, asks
Player 1: “What are you doing?”
Player 1 is to answer without
hesitating with the first action which
comes to his mind, but other than the
one he is doing i.e. tying my
shoelaces. Player 2 then begins doing
the thing announced by Player 1 and
is asked by Player 3: “What are you
doing?” The action switched each
time reminds of Moebius band.
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2. Self portrait
All students are given a piece of paper and pen. They are then given 30 seconds to draw themselves
and include in their drawing the answer to a series of questions that have been put on the board: i. e.
What do they do for a living? What do they want to be? Where do they want to go? What do they
dream of? Something they are very embarrassed about. Something they love very much. The
drawings are then passed on to the person next to them. The person who receives the drawing must
introduce the artist but only according to what they actually see or can presuppose from the self –
portrait.
3. Tick Tock
The players are in a circle. When an
object (i. e. a pencil) is passed to the
right, the Player 1 says: This is a tick!
Player 2 asks: A what? Player 1: A
tick! And the game continues around
circle but A what? and A tick / a tock
always goes to and from Player 1.
Then another object starts to the left
and follows the same pattern (but
saying this is a tock!)
The game can be complicated with
four or more objects. Its purpose is the
concentration and the attention, but the
Moebius band is in the air as well!
4. Chinese Whispers
All players sit in a circle. Two messages or statements are written out and concealed from the
group. One message is whispered from one player to the next in one direction and the other message
is sent in the opposite direction. Compare final messages with original messages. A good variation:
Before revealing the final and original message, have all the players write down what they
understood the message to be. Then read the original message followed by each consecutive
message until at least the final message is reached.
5. Ali Baba and the 40 Thieves
Excellent warm – up. Everyone in a
circle. We are going to establish a
rhythm, by saying all together “Ali
Baba and the 40 Thieves”. Keep
repeating this. One person starts
making a gesture to this rhythm, say,
tapping the head with the left hand.
When the sentence is repeated, the
player next to them takes over this
gesture, while the first one starts a
completely different new gesture.
The third time the sentence is done,
player 3 does the first gesture, player
2 does the second gesture and player
1 invents a new one again. And so
on.
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There is also a concentration game, though it is not really difficult. All one has to do is watch the
previous player and next time, take over their gesture. When you are watching what everyone else is
doing, you are going to get lost though.
Conclusions
There is no doubt that this training course emphasizes the need of a modern, interactive approach
for teachers within the subjects they teach. Being a language and literature teacher, my view is that
it is very easy to integrate the activities performed in my classes; what is more, I was surprised to
see that even science and mathematics teachers found an immediate correlation with the subjects
they teach. Should it be the fault of the Moebius band?
During the course, I mostly appreciated the brilliant idea of designing all the activities, be they playoriented or theatrical, from a triple perspective: a logical one, with emphasis on its applicativedidactical approach; a comforting one, offering a pleasant way of learning; and also a constructive
one.
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3.6 Applications of the Möbius Strip in Psychology
3.6.1 Bipolar Disorder (film)
Student: Andreea Sabadus
Teacher: Anisoara Pirvulescu
„Moise Nicoara” National College, Arad, Romania
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3.7 Applications of the Möbius Strip in Every Day Life
3.7.1 Hairstyles (film)
Student: Roxana Unc
Student: Cristina Siclovan
Student: Laura Gligor
„Moise Nicoara” National College, Arad, Romania
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3.7.2 Film DE 2011 from Photos (film)

Student: Patrick Stepan
„Moise Nicoara” National College, Arad, Romania
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3.7.3 Film UK 2012 from Photos (film)

Student: Patrick Stepan
„Moise Nicoara” National College, Arad, Romania
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3.7.4 Film UK 2012 (film)
Student: Crina Dascal
„Moise Nicoara” National College, Arad, Romania
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3.7.5 Applications of the Möbius Strip (film)
Student: Fran Spree
Student: Ellie Drage
Student: Dione Sikuka
Student: Kattie Corbett
Student: Harriet Westcott
Student: Daisy Maskall
Teacher: Fotini Morris
Devonport High School for Girls, Plymouth, UK
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3.7.6 Mathematics as a Game (film)

Teacher: Eva Spalj
XV. gimnazija, Zagreb, Croatia
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4. The German and Romanian Educational Systems
Student: Tamas Papp
Teacher: Octavia Potocean
Teacher: Mircea Potocean
„Moise Nicoara” National College, Arad, Romania

In Germany, education differs by region due to different educational policies.
The German educational system is structured as follows:
PRE-SCHOOL (Kindergarten): Not compulsory (the only form not mandatory), ages 3 to 5.
PRIMARY SCHOOL: 4 grades (ages 5 to 9). After primary school, the teacher decides the type of
secondary school pupils are sent to, according to their performance in these first four years.
SECONDARY SCHOOL I (Elementary School): There are four categories, depending on the
primary school student’s level after graduation. The teacher’s recommendation is final for the type
of secondary school that the student follows.
a. Lower Level Gymnasium: The school with the highest level of difficulty, it includes
grades 5-10 (children aged from 10 to 15). After graduation, students go to high school.
b. Gesamtschule: Includes secondary school classes of all levels of difficulty (available to
some Lands only across Germany). Forms 5-9 or 5-10 can be followed; after graduation, the student
can, depending on the class level and student level, go to high school, vocational school or become
an apprentice.
c. Realschule: School with an average level of difficulty and grades 5-10; upon completion,
students are awarded a graduation certificate. Some may later follow a vocational school or an
apprenticeship. Even if the student was sent in 5th grade to a Realschule, en-route he can take
exams to transfer into a Gymnasium, otherwise he or she cannot go to high school or
college. Similarly, from the Hauptschule, a student may transfer to a Realschule, but afterwards
cannot study in a Gymnasium.
d. Hauptschule: School with a low level of difficulty, giving the opportunity to enter
apprenticeship after graduation.
SECONDARY SCHOOL II (Gymnasium = High School): Includes grades 11-13 (in some
Länder 12 classes), after graduation the students receive a baccalaureate certificate (Abitur) and can
choose any college. Students’ age ranges from 16 to 18.
FULL-TIME VOCATIONAL SCHOOL: Students obtain a professional certificate (Fachabitur)
and then can pursue a specialization in higher technical structures.
HALF-TIME VOCATIONAL / APPRENTICESHIPS: The difference between this and the fulltime program is that students have part-time jobs in a domain. Upon graduation only specialization
courses can be followed.
TERTIARY SCHOOL
UNIVERSITY
SPECIALIZATION COURSES
PROFESSIONAL UNIVERSITIES
There are also Sonderschule = special schools for children with disabilities aged 5 to 17.
Compulsory education is from ages 6 to 14.
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The Educational System In Romania
ANTE-PRE-PRIMARY EDUCATION up to 3 years is done in nurseries, kindergartens and
daycare centers.
PRE-PRIMARY EDUCATION: its goal is the socialization of children, their physical, emotional
and cognitive development, through specific activities.
KINDERGARTEN: Includes children aged 3 and 6 and it is conducted in both public and private
institutions. The participation of children in kindergartens is free and optional; the final year
prepares them for entry into primary education.
Levels:
- Lower level (3-4 years)
- Middle level (4-5 years)
- Higher level (5-6 years)
PRIMARY SCHOOL: with a duration of 5 years: preparatory class and grades 1- 4
LOWER SECONDARY EDUCATION:
- The first phase of lower secondary education, with a duration of 5 years, takes place in
MIDDLE SCHOOL (grades 5-9)
- The second phase of upper secondary education, with a duration of 2-3 years (grades 1012/13), takes place in theoretical, vocational and technological HIGH SCHOOLS.
PROFESSIONAL EDUCATION: lasting between 6 months and 2 years
TERTIARY NONUNIVERSITARY EDUCATION: takes place in post-high school institutions
HIGHER EDUCATION includes:
- UNIVERSITIES
- INSTITUTES
- ACADEMIES
- HIGHER EDUCATION SCHOOLS
Graduates receive a bachelor's degree.
POSTGRADUATE EDUCATION: offers the following degree programs:
- Postgraduate specialization lasting 2-3 semesters, ending with a thorough postgraduate
study degree,
- Master lasting 2-4 semesters, ending with a master's degree,
- Postgraduate academic studies lasting 2-4 semesters, ending with a postgraduate
academic degree,
- PhD with a duration of 3-4 years, ending with a doctorate,
- Postgraduate training and professional development, on completion, the graduater
receives a postgraduate study degree,
- Advanced research postdoctoral programs.
Only primary and lower secondary schools are mandatory.

Before the National Education Law / 2011

Justus-Von-Liebig-Gymnasium, Neusäß, Germany
•
•
•

operating since 1965,
in 2007 it has received the “Young researchers“award for the Research School of the year in
Bavaria,
has participated, along with „Moise Nicoară“National College, Arad, Romania, Devonport
High School for Girls, Plymouth, UK and XV. gimnazija, Zagreb, HR in the project “Ins
and outs of the magic Möbius strip” .

Forming areas
Grade

Mathematics and
Modern
science
languages
High School (MNG) Gymnasium (NG)

Pilot project
The type II european school
(Egy II)

Mathematics and
exact sciences

Focus: 3 foreign
languages

3 modern languages, along with emphasis on
mathematics and science; 2 courses of choice per
week

English

English

English

5
6

French

7

Latin or
French

Latin

8

Physics

Physics

Physics

9

Chemistry

French

Chemistry

10

Spanish

11

Chemistry

Mathematics and science
As the name suggests, the emphasis is on mathematical and scientific courses. The first foreign
language, in the 5th grade, is English. In the 7th grade, the students will choose between Latin and
French.
The high-level mathematical and science curriculum
Subjects

5

6

7

8

9

10

11

Ethical/religious education

2

2

2

2

2

2

2

German

5

5

4

4

3

3

4

English

6

6

4

4

3

3

4

French/Latin

-

-

5

4

3

3

4

Mathematics

4

4

4

4

4

4

5

Physics

-

-

-

2

2

3

3

Chemistry

-

-

-

-

3

3

3

Biology

2

2

2

1

2

2

-
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History

-

2

2

2

2

2/1

2

Geography

2

2

1

2

1

-

2

Social studies

-

-

-

-

-

1/2

-

Economy and law

-

-

-

1

1

1

-

Artistic education

2

3

2

1

1

1

2

Music

3

2

2

1

1

1

1

Sports

2 +2

2 +2

2 +2

2 +2

2 +2

2 +2

2 +2

Classes/week

28 +2

30 +2

30 +2

30 +2

30 +2

30 +2

34 +2

Modern languages
The first foreign language in the 5th grade is English. In the 7th grade, the teaching of Latin
begins. In the 9th grade the teaching of French begins. Chemistry is taught in the11th grade .
The modern languages curriculum
Subjects

5

6

7

8

9

10

11

Ethical/religious education

2

2

2

2

2

2

2

German

5

5

4

4

3

3

4

English

6

6

4

4

3

3

4

Latin

-

-

5

4

3

3

4

French

-

-

-

-

5

5

5

Mathematics

4

4

4

4

3

3

3

Physics

-

-

-

2

1

2

2

Chemistry

-

-

-

-

-

-

2

Biology

2

2

2

1

2

1

-

History

-

2

2

2

2

2/1

2

Geography

2

2

1

2

1

-

2

Social studies

-

-

-

-

-

1/2

-

Economy and law

-

-

-

1

1

1

-

Artistic education

2

3

2

1

1

1

1

Music

3

2

2

1

1

1

1

Sports

2 +2

2 +2

2 +2

2 +2

2 +2

2 +2

2 +2

Classes/week

28 +2

30 +2

30 +2

30 +2

30 +2

30 +2

34 +2
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Pilot project The type II european school (Egy II)
An advantage of the type II European School is that the first foreign language, French, is taught in
the 6th grade, after English, in the 5th grade. Moreover, the courses of choice, each with two hours
per week, are meant to awaken interest, especially among students. Physics is taught from the 8th
grade and chemistry from the 9th. The third foreign language is Spanish; starting from the10th
grade. The pilot project offers the highest level language competence in a united Europe.
The type II European School curriculum
Subjects

5

6

7

8

9

10

11

Ethical/religious education

2

2

2

2

2

2

2

German

5

4

4

4

4

3

3

English

6

4

4

4

4

3

3

French

-

4

4

4

3

3

3

Spanish

-

-

-

-

-

3

2

Mathematics

5

4

4

4

4

4

4

Physics

-

-

-

2

3

3

3

Chemistry

-

-

-

-

3

3

3

Biology

2

2

2

2

2

-

1

History and Social studies

-

2

2

2

2

3

2

Geography

2

2

2

2

-

-

2

Economy and law

-

-

-

-

1

1

1

Artistic education

3

2

2

1

1

1

1

Music

3

2

2

1

1

1

1

Sports

2

2

2

2

2

2

2

Classes of choice

2

2

2

2

2

2

2

30 +2

30 +2

30 +2

30 +2

32 +2

32 +2

32 +2

Classes/week

Sources:
1. Romanian National Education Law nr.1 / 5th of january 2011 - published in Official Journal
Nr.18 / 10.01.2011
2. www.eurydice.org
3. www.liebiggymnasium.de

50

5. An Interesting Comparison of the Educational System of Schools that have Participated in the Comenius Project „Ins and
Outs of Möbius Strip”
Teacher: Ovidiu Bodrogean
„Moise Nicoara” National College, Arad, Romania
First of all in this paper I am interested in making a comparison between ours system of education from the point of view of a maths teacher. I am interested
in finding the differences between what we teach (approximately) to our students in each year of studying maths.
First, I will start with some interesting aspects of education.

Primary
school

Justus-von-Liebig-Gy mnasium,
Neusäß, DE
Classes for 1 to 4.
At the end of the 4thgrade the students
get their certificate. In report with the
marks they obtain in the most important
subjects they can go to:
− “Hauptschule” (the mark is not
relevant, and they stay there until the
9th grade, they study English as a
foreign language, they can get a
general certificate at the end)
− “Realschule” (here the students
study until 10th grade, they study at
least one foreign language and can
get a higher level certificate at the
end)
− “Gymnasium” (here the students at
least study two foreign languages
and study until the 12th grade, at the
end they can take the A-level exams
and get the general qualification for
university entrance
The students can pass from a lower
level of study to a higher level but it’s
difficult in general and also can pass
from a higher level of study to a lower
level

Devonport High School for
Girls, Plymouth, UK
They do not have it at their school.
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XV. gimnazija, Zagreb, HR

Moise Nicoara, National College, RO

In Croatia, children start the primary
education at the age of seven. It is
organized from the 1st to 8th grade.
They have 4 hours of math per week.
In XV. gimnazija we have four grades
(year 9 to 12).

We do not have it at our school. But in
Romania it starts with 0th grade and
finished with 4th grade.

Gymnasium

From the 5th to 12th grade

High school
Profiles

Number
of
maths hours

− Science
− Modern languages
− Several special profiles (for
example music, economics…)
− Primary school 5h/week
− Gymnasium 4h/week (3h/week in
the 8th and 10th grade)

The children study here from the age of
11 to 16 . This is K Stage 3, 4.
The children study here from the age of
17 to 18 . This is K Stage 5.
Languages

For K Stages 3 and 4 3h/week
For K Stages 5 4h/week

The students study here for 3 or 4 years.
Mathematical-Informatics

There are three types of classes:
− A type for the 9th and 10th grade
4h/week and for 11th and 12th grade
5h/week
− B type for 9th and 10th grade 5h/week
and for 11th and 12th grade 6h/week
− C type for 9th and 10th grade 6h/week
and for 11th and 12th grade 7h/week
The final exam has two levels:
− Level I for the students which do not
follow the high school but other type
of schools
− Level II for the students which
follow the high school

How the students finalize
there
education

All the students of Gymnasium, no
matter which profile they have chosen,
have a final exam at math, the same
exam for everybody in the state of
Bavaria.

For K Stages 3 and 4 they have GCSE
Exams (compulsory exams)
For K Stages 5 they have A levels
(optional)

Admission to
university’s

All Marks of the last two years of
school and the marks of the final exams
are combined to the mark of the A level.
If the grades are good enough, they get
the certificate.
From 5th to 10th grade
1 to 6
1 is the maximum rank
6 is the minimum rank
For 11th and 12th grade
0 to 15
0 is the minimum rank
15 is the maximum rank
The certificates of the graduate do not
have marks only schools grades

The students are accepted according to
the A level exams

Admission depends from the each
faculty in particular

A to E
More than 90% + is A+
More than 80% and less than 90%+ is A
More than 70% and less than 80%+ is B
More than 60% and less than 70%+ is C
More than 50% and less than 60%+ is D
Less than 50% is E

1 to 5
1 is the minimum rank
5 is the maximum rank

The scale of
evaluation
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It starts with the 5th grade and finished
with the 9th grade.
The students study here from the10th to
12th grade.
− Science
− Mathematical-Informatics
− Languages
− For science and mathematical profile
– informatics classes for 9th and 10th
grade 4h/week and for 11th and 12th
grade5h/week
− For languages classes for 9th and 10th
grade 2h/week and for 11th and 12th
grade we do not teach maths.
− For Science classes we have a maths
exam called M2 type (this level is in
general not so difficult)
− For Mathematical - Informatics
classes we have a maths exam called
M1 type (this level is in general
difficult)
− For Languages classes we do not
have final exams at maths
We have some few faculties which
organize some exams, but the others
accept students according to the marks
from the final exams
1 to 10
1 is the minimum rank
10 is the maximum rank

I want to present briefly what we are teaching (of course in our schools, because in general it is very difficult to make a comparison) in each year of math
studies:
Justus-Von-Liebig-Gymnasium, Neusäß, DE
Level of
studies
5

6

7

8

9

10

11

12

Algebra/Arithmetics

Geometry

Natural numbers. Operation with natural numbers.
Operation with integers

Symmetries, Several geometrical figures: geometrics
corps in space, angles, parallel straight lines, coordinate
systems,
measure units, transformations between
measure units, the aria of rectangle
The volume of cuboids, the area of the parallelogram,
triangle and trapezoid

Ordinary and decimals fractions. Operations with
rational numbers, Percents, Probabilities. Statistics:
Working with diagrams. relative frequency and percents
Equations, Computing with letters, Direct and inverse
proportionality (only the introduction). Statistics: Data,
diagrams and calculating with percents
Rational fractions with variables, Functions (esp. linear
and
rational
functions),
equation
systems,
Proportionality and probabilities. Statistics: Laplace
probabilities
“n”-order root, calculus, order two equation, parabolas,
intersection of para“n”-order root and real numbers
calculus, order two equation, parabolas, intersection of
parabolas, extremums of order two-function problems
bolas. Statistics: Probability calculation using decision
trees
Function: xn, ax, logax and trigonometrical functions.
Study of these functions and its properties using their
geometrical representation. Statistics: Conditional
probability
Statistics: Combinations, axiomatic definition of
probability (Kolmogorov)
Statistics: Probabilities, scheme of probabilities (for
example Bernoulli, binomial distribution), statistics and
tests

Mathematical analysis

Symmetries, center of a symmetries, axis of the
symmetries, characteristics of angles, congruence,
geometrical constructions
Theorem of intersecting lines, similarity

Pythagoras theorem, Polyhedron, trigonometric
relations in a right triangle, volume and surface of
prisms, pyramids, cylinders and cones

Circles and spheres

Analytic geometry in space: vectors, scalar product,
vector product (using the definition without
determinants),
Lines, Planes, intersection of them, relative positions of
lines and planes (using coordinates)
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Limits of function (they do not use sequences),
derivatives of several function-types, extremum, ex and
ln(x)-function
Integrals (only formal), curvature

It’s very interesting to make the following observation: In the 5th, 6th, 7th and 9th grade the students have two written papers in each semester. In the 8th and
10th grade the students have only three written papers during two semesters. The power of these written papers is 2:1 in report of the mean of the others
marks. From the 11th to 12th grade the students have only one written paper in each semester. The power of these papers is 1:1 in report to the mean of others
marks.

XV. Gimnazija, Zagreb, HR
Level of
studies
9

10

11

12

Algebra/Arithmetic’s

Geometry

Exponents, algebraic expressions, rational expressions,
operation with them, linear equations, order of real
numbers, linear inequalities in one unknown, rational
exponents and radicals, linear function
Complex numbers (only algebraic form), quadratic
equations and function, exponential and logarithmic
function
Matrix, determinants of order 2 and 3 (only computing
this determinants without their properties used to
compute determinants with letters)
Natural, Integer, Rational and Real set of numbers with
their properties, Complex numbers (trigonometric
form), probability and combinatorics

Triangle, triangle properties, congruence and similarity,
important lines in a triangle, metrical relations, analytic
geometry in plane

Mathematical analysis

Trigonometry in a right angle triangle, solid geometry,
polyhedrons,
geometry
in
space,
nonlinear
programming
Trigonometric functions and equations, Analytic
geometry, Vectors, Scalar product, vector product,
Analytic geometry in space
Sequences defined with ε and neighbourhoods,
recurrent sequences only with Olympics students, limits
of function, continuity (without applications such as
Darboux theorem) derivatives (without Fermat, Rolle,
Lagrange and l’Hospital theorems) graphical
representation of a function, primitivability
and
integration, application such computing area and
volume
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Devonport High School for Girls, Plymouth, UK
Level of
studies
7

8
9

10

11

12

Algebra/Arithmetic’s

Geometry

Introduction in algebra, simple linear equation, some
expression with letters, Elements of discrete statistic,
the average, the mean, the module, the range. Graphs
Linear equation with brackets, inequalities. Elements of
statistic with continuous data
Algebraic fractions, percents, graphs, bearings and scale
drawings, equations, ratio, sequences, statistics,
function of order two, ordinary and decimal fractions,
probabilities, percents, inequalities in Z
Maxim and minim, computing with powers of numbers,
equations, errors, system of equation of order one and
two, statistics, percents, solving equation by graphical
representation, inequalities, systems
Decimals fractions, inequalities, exponential equations,
direct and inverse proportional quantities, decompose in
factors of the trinomial ax2+bx+c, calculus, solving
system of equations using graphical representation
method, irrational numbers, Probabilities, histograms
The basic language of algebra, solution of equations,
inequalities, surds, indices, basic operations on
polynomials, the factor theorem, the remainder theorem,
Graphs, Binomial expansions, Logarithms, Statistical
modelling, Sampling, Classification and visual
presentation of data, Measures of central tendency and
dispersion, Probability of events in a finite sample
space, Probability of two or more events which are
mutually
exclusive or no mutually exclusive, Conditional
probability, Probability distributions, Calculation of
probability, expectation (mean) and variance, the
Binomial distribution and its use in hypothesis testing.
Further Maths: Complex numbers, Quadratic
equations, Addition, subtraction, multiplication and
division of complex numbers, Application of complex
numbers to the solution of polynomial equations with
real coefficients, Modulus-argument form, Simple loci

The area for triangle, rectangle and square. The volume
for the cub. Transformation between units of measure

Mathematical analysis

The area of a circle, the length of a circle, the volume of
a cylinder
Geometrical transformation, volume, Pythagoras
theorem, Systems of equations, geometric places

Circle, Elements of trigonometry in right triangle, the
area, and the volume of a pyramid, con, sphere,
geometrical transformations, Trigonometrically function
Congruent and similar shapes, vectors, theorem of
Pythagoras in 3rd dimension, sin and cos theorems

The co-ordinate geometry of straight lines, The coordinate geometry of curves, Curve sketching:
Quadratic curves, Polynomial curves, Transformations,
Basic trigonometry, The sine, cosine and tangent
functions, Identities, Area of a triangle, The sine and
cosine rules, Radians
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Definitions of sequences, Arithmetic series, Geometric
series. The basic process of differentiation. Applications
of differentiation to the graphs of functions, Integration
as the inverse of differentiation, Integration to find the
area under a curve, Stationary points, Stretches

in the Argand diagram, curve sketching , proofs,
Identities, Proof by induction, Summation of simple
finite series, The manipulation of simple algebraic
inequalities, Relations between the roots and
coefficients of quadratic, cubic and quartic equations,
Matrix
addition
and
multiplication,
Linear
transformations in a plane and their associated 2x2
matrices, Combined transformations in a plane.
Invariance, Determinant of a matrix. The meaning of
the inverse of a square matrix, The product rule for
inverses, Solution of equations, Scatter diagram,
Pearson’s product moment correlation coefficient,
Spearman's Rank correlation coefficient, Regression
line for a random variable on a non-random variable,

13

Poisson distribution, contingency tables, The χ 2 test,
normal distribution, modelling, algorithms, graphs,
networks, linear programming, critical path analysis,
simulation,
Methods of proof, exponential and natural logarithms,
functions, Integration by substitution, Integration of
further functions, Integration by parts, The general
binomial expansion, Rational expressions, Partial
fractions, Numerical integration, The modelling cycle
applied to real-world problems, S.I. Units, Kinematics,
Force, Newton’s law of motion, Projectiles
Further Maths: The inverse functions of sine, cosine
and tangent, Determinant and inverse of a 3x3 matrix,
Eigenvalues and eigenvectors of 2x2 and 3x3 matrices,
Diagonalisation and powers of 2x2 and 3x3 matrices,
Solution of equations, The use of the Cayley-Hamilton
Theorem, Force, Energy and power, momentum and
impulse, centre of mass, Statistics: The probability
density function (pdf) of a continuous random variable,
The cumulative distribution function (cdf) and its
relationship to the probability density function,
Calculation of probability, expectation (mean) and
variance of random variables, Linear combinations of
two (or more) independent random variables, The
distribution of a linear combination of independent
Normal variables, Inference: Sampling methods,

Trigonometry: sec, cosec and cot. Compound angle
formulae, Solution of trigonometrical equations, The
use of parametric equations.
Vectors in two and three dimensions, Vectors in two
and three dimensions, The scalar product, Co-ordinate
geometry in two and three dimensions, The equations of
lines and planes, The intersection of a line and a plane,
comprehension, The properties of vectors and
techniques associated with them in 2 or 3 dimensions
Further Maths: Polar coordinates, Complex numbers,
Modulus- argument form, De Moivre's theorem and
simple applications, Expression of complex numbers in
the form z = re jθ , The nth roots of a complex number ,
Applications of complex numbers in Geometry
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The product, quotient and chain rules for differentiate,
the differentiate of a function, Implicit differentiation,
numerical methods, Fixed point iteration, The NewtonRaphson method to solve an equation, Error Bounds,
Geometrical interpretation, Partial fractions, Volumes
of revolution, Differential equations
Further Maths: Differentiation of arcsinx, arccosx and
arctanx, use of trigonometrical substitutions in
integration, Maclaurin series, Approximate evaluation
of a function, Hyperbolic functions: definitions, graphs,
differentiation and integration, Inverse hyperbolic
functions, including the logarithmic forms. Use in
integration, investigation of curves,

Estimation of population mean and variance from a
simple random sample, Distribution of the mean of a
sufficiently large sample, Standard error of the mean,
Symmetric confidence intervals for the mean,
Hypothesis
tests:
t test for a single mean; paired t test; Wilcoxon signed
rank test; χ 2 test for goodness of fit

In England there are three options: a student can choose Maths or Further Maths or no maths at all. The normal Maths group has 4 classes a week. Further
Maths means 8 classes of maths a week, with students working on BOTH the content for Maths and Further Maths during the two years of study.

„Moise Nicoara” National College, RO
Level of
studies
5

6

7

8

9

Algebra/Arithmetic’s

Geometry

Natural numbers. Operation with natural numbers.
Simple equation and inequalities. Divisibility. Ordinary
and decimal fractions

Geometries elements: line, segments, angles,
Symmetries, Representation of the geometrics corps in
space, measure units for length, area, volume, mass,
time and monetary units, transformations between
measure units.
The line, angles, triangles and cases of congruence,
perpendicularity, parallelism, the properties of the
particular triangles
Rectangles, Area for triangles and rectangles, Thales
Theorem, similar triangles, metrical relations in right
triangles, some elements of trigonometry in right
triangles, the circle, regular polygonal
Points, lines, planes, geometrical corps and relations
between them, orthogonal projections on a plane, the
prism, the pyramid, cylinder, cone, sphere
Vectors, operation with vectors, collinearity,
parallelism, elements of trigonometry, applications of
trigonometry in plane geometry

Divisibility of natural numbers, operation with positive
rational numbers, Equation in Q+, proportions and
ratios, integers numbers, equation and inequalities in Z
The set of rational numbers, and operation with rational
numbers, the set of real numbers and operation with real
numbers, algebraic computation, equation and
inequalities in R, probabilities
The set of real numbers, calculus in R, calculus with
letters, function, equation and inequalities,
The set of the real numbers, the set theory, the
matematica induction, functions, the first order
function, the second order function
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Mathematical analysis

10

11

12

Real numbers, powers and squares of any order,
complex numbers: algebraic and trigonometrically
form, applications in geometry, injection, surjection,
bijection and invertible function, power function,
exponential function, root function, exponentional
function, logarithmic function, trigonometrically
function, irrational equations, exponential equations,
logarithmic equations trigonometrically equations,
mathematical inductions method, combinatorial,
Newton’s binomial, elements of statistic, elements of
probabilities
Permutations, matrix, determinants, systems of linear
equations

Cartesian coordinate system, equation of line in plane,
conditions of parallelism and perpendicularity,
computing distance and area.

Sequences, criteria of convergence, limit of a
sequences, Weierstrass theorem and it’s applications,
limit of function, asymptotes, continuous function,
Darboux’s theorem, properties of continuous function,
derivable function, Fermat, Rolle, Lagrange and
L’Hospital theorems, high order derivates, applications
of derivates to the study of function, graphical
representation of a function
Primitivability, Integration methods to compute the
integral of a functions, integration of rational functions,
applications of the integral: area, volume and computing
some limits of a sequence using integrals

High algebra: semigroups, groups, rings, corps
morphism between them,
algebraic form for a
polynomial, operations with polynomial, divisibility of
the polynomial, decomposition of a polynomial in prime
factors, Viete relations, solving algebraic equations in
Z, Q, R and C, different type of high order equations
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The metaphorical title of the Comenius multilateral project is: Ins and outs of the magic
Möbius strip. Our project involves four schools: "Moise Nicoara" National College, Arad, RO;
Devonport High School for Girls, Plymouth, UK; Justus-von-Liebig-Gymnasium, Neusäß, DE and
"XV. Gimnazija" Zagreb, HR. All of them are well known in their countries and they offer an
exceptional training for their students.....

Project coordinator : teacher Liliana Negrilă

ISBN: 979-606-8345-07-9

This project has been funded with support from the European Commission within the Comenius
project Ins and Outs of the Magic Möbius Strip . This publication reflects the views only of the
authors, and the Commission cannot be held responsible for any use which may be made of the
information contained therein. Therefore, everyone will assume the responsability for the items
signed by herself/himself.
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